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Jnex sin(x) cos(x) dx
0

Q1

Obtain the value of the following definite integral.

Jnex sin(x) cos(x) dx
0
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0 —xyz JEIE% RIZR A, B, C3ERZE (45,7), (2,1,3), (9,7,6) THZX LD & X,
LA ZRke &,

(1) =¥ OAB DIhiff

(2) PU@EA OABC DT

Q2

Find the following, when points A, B and C are given on the O — xyz coordinate system by (4,5,7),
(2,1,3) and (9,7,6), respectively.

(1) Area of triangle OAB

(2) Volume of tetrahedron OABC
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X, 72720, EMOKRE ZIIB 2R,

Q3

A balloon rises vertically at the speed of 25 meters per minute from the point P, which is 200 meters
away from the observation point O on the same horizontal plane. When the balloon reaches the height
of 100 meters from the point P, find the rate of change in time of £BOP which is the angle of looking
up at the balloon from the observation point O. Assume, B is the balloon position and the size of the

balloon is negligible.
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%o IR L ZEORE SITERT S,
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(1) 1 DDHIFENHDIeHEIT 1 OULOZEMTZIETE S L DR KEERD X,
() 1 DOHIEN D DN EFIZ 2 DL EOZEHTZETE D L OERKEERD L,

Q4

A myriad of light sources is arranged with the constant interval D and moves on a straight line as
shown in the figure. Light spreads radially from a light source and a receiver can receive light within
a distance D from a light source. Receivers are fixed at constant intervals D/2 on a straight line

which is parallel to the straight line containing the light sources. The distance between the parallel

linesis L .
Receiving areaof _— .~ Moving directions of
light source . light sources

. Light source

Assume, the size of the light sources and receivers is negligible.

(1) Find the maximum value of L, when the light from one light source can always be received by
one or more receivers.

(2) Find the maximum value of L, when the light from one light source can always be received by
two or more receivers.
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(1) ZERIEHIB NG
Q) ZEXIESBWIROE S I BT D 85H
(3) XIS WIROE S D 2 Tl LI D855

3ODGRICBWTHE FHRED T 7 aii&, TNENEHEB LN LER LRIV,

Q5

Consider a falling object subject to gravity and air drag force. Find the time variations of the object’s

velocity with an initial velocity of 0 under the following three cases:

(1) There is no drag force.
(2) The drag force is proportional to the object’s speed.
(3) The drag force is proportional to the square of the object’s speed.

Graph the object’s velocity under the three cases. Then compare the curves and discuss their

differences.
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(1) ZOIFEBRETOEIIK LTy FEIRLTITHE MR Z KD X,

Q) ETOERIZH LTy hEELRVO L E2TORICH LTy hE2ELZOET, Z0
BB OMEERRNEHVOITEL L, Bl L & HIZEZ L,

Q6

A game is played between a pitcher and a batter with the following rules:
The pitcher throws balls towards a batter until the winner is determined.
Balls thrown enter the strike zone at a certain probability.
The batter can choose to swing or not to swing at balls thrown.
When the batter swings the bat, he/she will hit the balls thrown at a certain probability.
The batter wins if he/she successfully hits a ball thrown inside the strike zone.
The batter does not win if he/she hits a ball thrown out of the strike zone.
The batter wins if he/she does not swing the bat at the ball thrown out of the strike zone four
times.
The batter loses if any combination of the following two conditions occurs three times:
a) The batter fails to hit a ball that enters the strike zone.

b) The batter swings a ball thrown out of the strike zone.

Answer the following questions, when the probability of the batter hitting a ball thrown is 25 % and
the probability of the pitcher throwing a ball inside the strike zone is 50 %.
(1) Obtain the probability for the batter to win by not swinging the bat at all balls thrown.

(2) Which has a higher probability for the batter to win: not swinging the bat at all balls thrown or
swinging the bat at every ball thrown? Answer with reasons.
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BN, O3B AT X %2 72T L 35, 72720, LT ORI TlEm, nix BB, k,,, klZIEDERT
»5,

d*fo . 2
W+knfn(x)=0, 0<x<1

fu(x) =0,atx = 0andx = 1
Ty LB FO XS ICEET 3,
1
tn = [ Fn a0 dx
0

(D m#n, ky, #k, DEEICL,, %KD X,

(2) {fn(x)}@fﬁll%é“)&ﬁbj‘ m =n@i%é\¢:lmn%jj‘z® I,

Q1

Suppose that a sequence of functions {f,,(x)} satisfies the following equations where m and n are natural

numbers and k,, and k, are positive constants.

d’fn 2
Ttk () =0, 0<x<1

fn(x)=0, atx=0andx =1

Ly 1s defined as follows:

1
I = j fn(Ofo () dx
0

(1) Obtain I, when m #n and k,, # k,.

(2) Give an example of the sequence of function {f;,(x)}, and obtain I,,,;, when m = n.
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I = f (ai + bj) cos(ax + by) - dr
C

(1) BEORC Iy » TREDT R KD X,

-C 0‘ C X

(2) BOIgC,icift> TEDIZRKD X, 2T, CliEco¥MThH 3,

yA

v

(3) EHEECIcih o THEMIZ KD X, 22T, CldF¥fle, BPRIDLIEMTH %,

A
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Q2

Find the following integral I using paths of integration indicated in each question where (i,j) is a set of orthogonal

unit vectors, and both a and b are arbitrary constants.

I = f (ai + bj) cos(ax + by) - dr
C

(1) Find the integral I along the path of integration C,.

(2) Find the integral I along the path of integration C, where C, is a semi-circle with a radius of c.

yA

v

(2) Find the integral I along the path of integration C; where C; is a semi-ellipse with a semi-minor axis of ¢

and a semi-major axis of d.

Cs

v
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(1) A= (—42 —84)

1 4 6
(2)A=<0 2 5)
0 0 3

Q3
For each matrix A given below, find A* (k = 1,2,...).

@ Az(—42 —8)

1 4 6
(2)A=<0 2 5)
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Q4

Answer the following questions.

(1) Find the length of the circumference L of a regular n-sided polygon inscribed in a circle of radius

(2) Using the result of (1), prove that the circular constant 7 is larger than 3.
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Q5

You are going to play a card game with Taro. Each player has 4 different cards, and each card is marked with either

a Spade, a Heart, a Club, or a Diamond. The rule is as follows.

® In one game, players play a prescribed number of sets. For every set, players disclose one of their four cards at
the same time.

® FEach set is scored as follows:

Spade beats Club and Diamond.

Heart beats Spade.

Club beats Heart.

Diamond beats Club and Heart.

A player winning a set with a Club gets 2 points.

A player winning a set with a Spade, a Heart, or a Diamond gets 1 point.

YV V V V V V V

Players do not earn points unless they win the set.
Player’s points accumulate during a game.
The first player to get 2 or more points wins the game.

If the prescribed number of sets are played and no player gets 2 or more points, there is no winner of the game.

For each set, suppose Taro discloses a card with equal probability between the four cards. Answer the following

questions.

(1) Suppose the prescribed number of sets is two and you must disclose the same card in both sets. Which card
should you disclose to maximize the probability to win the game?
(2) Suppose the prescribed number of sets is three, find the probability to win the game when you disclose the

same card you chose in question (1) in all three sets.
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Q6

Given a standard dice with each of its six faces marked with a different number from one to six. Assuming each of
the six numbers shows up with equal probability when the dice is thrown, find the following probabilities. Note that
N and M are positive integers and satisfy the conditions: 2 <N and N/2 < M < N.

The probabilities that

(1) the same number shows up N times in total when the dice is thrown N times.

(2) the same number shows up M times in total when the dice is thrown N times.

(3) the same number shows up M times in total and in M consecutive throws when the dice is thrown N times.
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