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Q1

Define a complex variable z = x + iy by independent real variables x and y, where i is the
imaginary unit. Real and imaginary parts of a complex regular function w = f(z) are expressed
by u(x,y) and v(x,y), respectively. Find v(x,y), when

ux,y) = (x + 2){(x + 2)? — 3y?}.




Let 4 be a 2x2 real matrix. Let P and 9 be non-zero vectors whose elements are real
r S
numbers. When A(p): —[q) and A(q ): [p } answer the following questions.
r Ky Ky r

(1) Prove that the matrix, P9 , has its inverse.
ros

(2) Find 4.




Q3

At a supermarket, cart returns are placed at the east, central, and west gates. Shoppers
can pick-up and return their carts at any gates. It has been observed that the following
facts occur at the end of a day. 10% of the carts picked-up at the east gate are returned
to the central gate, 10% to the west gate. 30% of the carts picked-up at the central gate
are returned to the east gate, 20% to the west gate. 20% of the carts picked-up at the
west gate are returned to the east gate, 10% to the central gate. Assuming there are 240
carts, how many carts should be placed at each gate so that the number of the carts at

each gate does not change?




Q4

The following matrix A can be expressed as the sum of a symmetric matrix P (P = P%) and a

skew-symmetric matrix Q (Q = —Q%). Find P and Q.

Here, P' and Q! are the transposes of P and Q, respectively.

3 2 3
A=|0 -2 -6
7 0 7




Q5

Consider a regular triangle inscribed in a square. The side length of the square is 1.

(1) Draw the regular triangle in the square, when the triangle has the maximum area.

(2) Find the maximum area.




Q6

O, A, B and C are vertices of a tetrahedron. Line segments OA, OB and OC are mutually
orthogonal, and the lengths of OA, OB and OC are a, b and c, respectively. Find the length
of the perpendicular line from the vertex O to the triangle ABC.




Q7

A ship goes straight from the port A to the port B and it instantly returns to the port A by the same
route. The ground speed of the ship is always constant in the no wind condition. On the other
hand, when the wind blows from the port A to the port B, it is increased in a following wind and
decreased in an opposing wind, by the same amount of speed. Compared with a round trip in the
no wind condition, when the wind blows, a round trip of the ship spends

(1) more time.

(2) less time.

(3) the same amount of time.




Q8

Train A arrives at a station randomly from the time 7 to 7y + 7 minutes, and stops for & minutes in
the station. Train B, independently of Train A, arrives at the station randomly during the same
period, and stops for S minutes. Here, the probability distribution of the arrival time of the trains
is uniform.

(1) Find the probability that Train A arrives at the station prior to Train B.

(2) Find the probability that both the trains are stopped in the station at the same time.

(3) Find the probability that Train A arrives at the station prior to Train B when both the trains

are stopped in the station at the same time.




Q9

a,b,and c are natural numbers.
1) If a+ b+ c = 20, how many solutions exist for (a, b, c) ?

2) If a+ b+ c < 20, how many solutions exist for (a, b, c) ?
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Q1

When real numbers a and b satisfy a+2b=10, find the minimum value of 2°+16°.




Q2
Obtain the values of the following definite integrals:

(1)

fﬂ (cosg + sin;)2 dx
0

2)
fe(x +x D dx
1




Q3

Let A and h be positive real constants, and a and b are different positive real roots of

the following equation;
A = xtan(hx).

Suppose that functions f;(x) and f,(x) are defined as
fa(x) = cos(a(x — h)),
fo(x) = cos(b(x — h)).

Obtain the flowing definite integral;

lap = [ f(0)fy (0)dx.




Q4

Answer the questions about the following matrix.

3 2
A=12 0
4 2

(1) Find the eigenvalues.

(2) Find the eigenvectors.




@5

There is a disk rotating at an angular velocity 2(t) around a rotation axis having an
angle B with respect to the X axis fixed in the space, where t is the time. The rotational
center of the disk is identical to the origin of a space-fixed coordinate system (0 — XYZ).

A position vector 7 represents the position of a point A fixed on the disk

Obtain the acceleration vector at the point A by using the base vector (?, 7 E) of the
space-fixed coordinate system (O — XYZ). Define the X and Y axes of the space-fixed

coordinate system so that the answer can be written concisely.

Q(t)
g B

'v

=

v




Q6

Prove the following equation regarding AABC.

a® = b% + c? — 2bccos b

Here, a,b, and c are the lengths of the sides BC, CA, and AB, respectively, and 8 is
the angle of £ CAB.




Q7

There are three cards. Each card has a different positive integer. Three people A, B and C
randomly choose one card for each, and the number on the card is counted as a score for
each. After repeating this game multiple times, the total scores, which A, B, and C
obtained, were 10, 8, and 18, respectively. It is known that the card, which B chose, has
the larger number than those of A and C in the second game. Answer the person who

chose the card with the second largest number in the first game and explain its reason.




Q8

An integer N is described with a three-digit number as abc in quinary (base 5) notation,
and also described with a four-digit number as cdee in ternary (base 3) notation, where a
and c are integers greater than or equal to 1, and b, d and e are integers greater than or
equal to 0. Find all the combinations of the values, N, a, b, ¢, d, e, which satisfy the above

conditions and describe them in decimal notation.




Q9

A drillship, which is a vessel designed for use in offshore drilling, has an ability of
positioning by using her own thrusters based on the position information obtained from
the position reference system. Suppose a drillship with six thrusters and one position
reference system. The drillship loses the ability of positioning if more than or equal to
two thrusters fail. Assuming that failure occurrence probabilities of each thruster and the
position reference system are p and ¢, respectively, estimate the probability of the

following cases.

(1) Probability that the drillship loses the ability of positioning due to thrusters’ failures

when the position reference system is working.

(2) Probability that the drillship keeps the ability of positioning.
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Q1

Evaluate the following definite integral.

V3
I_f dx
J Vx2 +1




Q2

Variables x and y are defined as the following equations, where m is an
integer and 6 is an arbitrary real number.

92m

x(0) = L, zm)

92m+1

L)’(Q) = nzom

Note that m!'=mx(m—-1)xXx(m—2)x--x2x1, 0/ =1,and0° = 1.

Answer the following questions.

1) Find j—;i using x and y.

2) Find the relationship between x and 7.




Q3

Answer the following questions regarding

1 2 1
A=12 5 6

1

1) Find A71.

3 4

)

2) Show that |4~ =ﬁ is satisfied.




Q4

A triangle ABC on a plane Oxy was mapped to a triangle A’'B’C’ on a plane
Find the transformation that maps an arbitrary point X on a plane

ox'y’.
Oxy to a point X ona plane Ox'y’'.
Va 4 y,
A(0,1) A (0,43 -1)
0 = 1
B(—1,0) X 0 X
c(,-1) B' (-1,-1) ¢ @1,-1)




Q5

a

1—a 1= a)’ where a is a real number satisfying

Given the matrix A = (

0 < a < 1, answer the following questions.

1) Find the eigenvalues and eigenvectors.

2) Find A™ where n is a natural number.

3) Calculate lim A™.

n—->0o




Q6

There are three rooms, A, B, and C. At every buzzer sound, a cat will either
move to another room or stay in a room. Probabilities that the cat in room A
will be in rooms A, B, and C after a buzzer sound are 0.4, 0.6, and 0.0,
respectively. Likewise, probabilities that the cat in room B will be in rooms A,
B, and C after a buzzer sound are 0.2, 0.5, and 0.3, respectively; probabilities
that the cat in room C will be in rooms A, B, and C after a buzzer sound are

0.1, 0.7, and 0.2, respectively.

1) What are the probabilities that the cat initially in room A is in rooms A, B,
and C, respectively, after the third buzzer sound?

2) What are the probabilities that the cat is in rooms A, B, and C, respectively,

after sufficiently many times of the buzzer sound?




Q7

Mechanical parts are stored in four separate boxes. 2000 parts are in Box 1 and
5% of those are faulty. 500 parts are in Box 2 and 40% of those are faulty. Each
of the other two boxes contains 1000 parts and 10% of those are faulty.

1) One box is randomly selected from the four boxes and a part is randomly
selected from that box. What is the probability that the part is faulty?

2) In the case when the selected part was faulty in 1), what is the probability
that the part was selected from Box 2?

3) One part is randomly selected from each of the four boxes. What is the

probability that at least one part is faulty?




Q8

There are three containers without a scale. The volumes of the containers are
12 liters, 7 liters, and 5 liters, respectively. Initially, the 12-liter container is
filled with water while the 7-liter and 5-liter containers are empty. Explain a

procedure to fill one of the containers with exactly 6 liters of water.




Q9
When p is a prime number, (p —1)! + 1 is exactly divisible by p. Making use
of this relationship, find the followings. Note that, for a positive integer m,

m=mx(m-1)x(m—-2)x--x2x1.

1) The remainder of a division of 9! by 11

2) The remainder of a division of 58! by 61
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E1l
PLUF O @ERESy DA KD X,

Jnex sin(x) cos(x) dx
0

Q1

Obtain the value of the following definite integral.

Jnex sin(x) cos(x) dx
0
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Eo2l

0 —xyz JEIE% RIZR A, B, C3ERZE (45,7), (2,1,3), (9,7,6) THZX LD & X,
LA ZRke &,

(1) =¥ OAB DIhiff

(2) PU@EA OABC DT

Q2

Find the following, when points A, B and C are given on the O — xyz coordinate system by (4,5,7),
(2,1,3) and (9,7,6), respectively.

(1) Area of triangle OAB

(2) Volume of tetrahedron OABC
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B O 725 200 A — R VEEALVZ R C/KEHE BICH DI P 226, SRIEIZES 25 A— b
NOHEE TR E BT D, BARONEE B & L, BRSO R E A B 7-fAE % 2BOP
ET 5, BPRNHIA P 5 100 A— MLVOEIICELZ L &, £BOPORFRIZLEZ R
X, 72720, EMOKRE ZIIB 2R,

Q3

A balloon rises vertically at the speed of 25 meters per minute from the point P, which is 200 meters
away from the observation point O on the same horizontal plane. When the balloon reaches the height
of 100 meters from the point P, find the rate of change in time of £BOP which is the angle of looking
up at the balloon from the observation point O. Assume, B is the balloon position and the size of the

balloon is negligible.



F 3 MAEFM Q3 Answer sheet



A

B> K5I B LA ONIEL —EOME D ZRo TBEIL T\ 5D, JIERIE K
FRRIZIEDN 0 | ZEHITEEND D OFHiE ThEaZETE2b0 L5, ZEHIDL
PR S EAR D D EREE L 7200 BEN 7 AT R EAR O Bl —E ORI D/2 THEE ST
%o IR L ZEORE SITERT S,

KFiCHTE
ZEWOZEME - NE—

(1) 1 DDHIFENHDIeHEIT 1 OULOZEMTZIETE S L DR KEERD X,
() 1 DOHIEN D DN EFIZ 2 DL EOZEHTZETE D L OERKEERD L,

Q4

A myriad of light sources is arranged with the constant interval D and moves on a straight line as
shown in the figure. Light spreads radially from a light source and a receiver can receive light within
a distance D from a light source. Receivers are fixed at constant intervals D/2 on a straight line

which is parallel to the straight line containing the light sources. The distance between the parallel

linesis L .
Receiving areaof _— .~ Moving directions of
light source . light sources

. Light source

Assume, the size of the light sources and receivers is negligible.

(1) Find the maximum value of L, when the light from one light source can always be received by
one or more receivers.

(2) Find the maximum value of L, when the light from one light source can always be received by
two or more receivers.
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HAOICE>THETL, ZXEREZ T 2MEEE LD, FIE 0 OMIKICH L, Tied 3>
DEEITBNT, ¥ TEEOR ALz KD X,

(1) ZERIEHIB NG
Q) ZEXIESBWIROE S I BT D 85H
(3) XIS WIROE S D 2 Tl LI D855

3ODGRICBWTHE FHRED T 7 aii&, TNENEHEB LN LER LRIV,

Q5

Consider a falling object subject to gravity and air drag force. Find the time variations of the object’s

velocity with an initial velocity of 0 under the following three cases:

(1) There is no drag force.
(2) The drag force is proportional to the object’s speed.
(3) The drag force is proportional to the square of the object’s speed.

Graph the object’s velocity under the three cases. Then compare the curves and discuss their

differences.
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BFELITEORTITOH DT —AIBNT, LFOL— RN LTS ET 5,
© BFRIIFIECAD» o THEHLATHIRE S £ TEREERIT D,
© BEIBRITERII-EOMETANIA 7Y —VNITA D,
c FEIIBRT ORI LTy RERDZDIRL 72V OHERIFUNTE 5,
c FEIIBRT ORI LTy NERD E—EDOBRTERETHLIRT Z LN TE 5,
c FTEEFANTA Y = NIZRT N A THIRT & Z DA THH LR 5,
c FFIEIARNTA =D BANTERE DR L THBD L1372 5720,
 HTEEFANTA T = NOBANTZERICK L T4 BNy R ERL 0 & O CTHS
HeEird,
© FHIIUTO2O0OFERNAEF3IEEZL AT ERD,
a) ARNTA 7= NITET LNTEREZFTHIRE 720,
b) ARTA T =B AMTEEKITH LTy b EIRD,

HOHITHEIF Ny NEiRo TEREITORTHEN2HI S 3 THDLH, HENETTZEKNA T

A=V RNICADHERERNSEITHD L&, LLFTOMWIZE X K,

(1) ZOIFEBRETOEIIK LTy FEIRLTITHE MR Z KD X,

Q) ETOERIZH LTy hEELRVO L E2TORICH LTy hE2ELZOET, Z0
BB OMEERRNEHVOITEL L, Bl L & HIZEZ L,

Q6

A game is played between a pitcher and a batter with the following rules:
The pitcher throws balls towards a batter until the winner is determined.
Balls thrown enter the strike zone at a certain probability.
The batter can choose to swing or not to swing at balls thrown.
When the batter swings the bat, he/she will hit the balls thrown at a certain probability.
The batter wins if he/she successfully hits a ball thrown inside the strike zone.
The batter does not win if he/she hits a ball thrown out of the strike zone.
The batter wins if he/she does not swing the bat at the ball thrown out of the strike zone four
times.
The batter loses if any combination of the following two conditions occurs three times:
a) The batter fails to hit a ball that enters the strike zone.

b) The batter swings a ball thrown out of the strike zone.

Answer the following questions, when the probability of the batter hitting a ball thrown is 25 % and
the probability of the pitcher throwing a ball inside the strike zone is 50 %.
(1) Obtain the probability for the batter to win by not swinging the bat at all balls thrown.

(2) Which has a higher probability for the batter to win: not swinging the bat at all balls thrown or
swinging the bat at every ball thrown? Answer with reasons.
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B

BN, O3B AT X %2 72T L 35, 72720, LT ORI TlEm, nix BB, k,,, klZIEDERT
»5,

d*fo . 2
W+knfn(x)=0, 0<x<1

fu(x) =0,atx = 0andx = 1
Ty LB FO XS ICEET 3,
1
tn = [ Fn a0 dx
0

(D m#n, ky, #k, DEEICL,, %KD X,

(2) {fn(x)}@fﬁll%é“)&ﬁbj‘ m =n@i%é\¢:lmn%jj‘z® I,

Q1

Suppose that a sequence of functions {f,,(x)} satisfies the following equations where m and n are natural

numbers and k,, and k, are positive constants.

d’fn 2
Ttk () =0, 0<x<1

fn(x)=0, atx=0andx =1

Ly 1s defined as follows:

1
I = j fn(Ofo () dx
0

(1) Obtain I, when m #n and k,, # k,.

(2) Give an example of the sequence of function {f;,(x)}, and obtain I,,,;, when m = n.
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B2

FRNTORTHEDIKICHh > THEDTEZRD X, 72720, (L, )IFERTI2HEMR7 POl ab X ObIIMTEE
DERTH 5,

I = f (ai + bj) cos(ax + by) - dr
C

(1) BEORC Iy » TREDT R KD X,

-C 0‘ C X

(2) BOIgC,icift> TEDIZRKD X, 2T, CliEco¥MThH 3,

yA

v

(3) EHEECIcih o THEMIZ KD X, 22T, CldF¥fle, BPRIDLIEMTH %,

A
y

cs

v




Q2

Find the following integral I using paths of integration indicated in each question where (i,j) is a set of orthogonal

unit vectors, and both a and b are arbitrary constants.

I = f (ai + bj) cos(ax + by) - dr
C

(1) Find the integral I along the path of integration C,.

(2) Find the integral I along the path of integration C, where C, is a semi-circle with a radius of c.

yA

v

(2) Find the integral I along the path of integration C; where C; is a semi-ellipse with a semi-minor axis of ¢

and a semi-major axis of d.

Cs

v
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B3M
ROITHIAICK LAK (k = 1,2,.) %3 EE X,

(1) A= (—42 —84)

1 4 6
(2)A=<0 2 5)
0 0 3

Q3
For each matrix A given below, find A* (k = 1,2,...).

@ Az(—42 —8)

1 4 6
(2)A=<0 2 5)
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B4R

ROFMICEZ X,

(1) $roMicHNET 3 EnfATEoRoREXLE KD X,
2) )DEREZHNT, MEERIZ3 XY KE WD L ZIFAE X,

Q4

Answer the following questions.

(1) Find the length of the circumference L of a regular n-sided polygon inscribed in a circle of radius

(2) Using the result of (1), prove that the circular constant 7 is larger than 3.
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BRI RBBE I — N — L% T3l holz T LAY—134KDELRZ H— FaRE>TnwT,
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LDV — VLA T D@D,

@ 1[HDF—LIZEVWT, LAV —BHEDOHE DY F%2{TH. Y MEIC, LAY —134 D
H—F2b I ERKICHLA S,

® Kty bk rilTokricExbns,

AR—=FNlF7a— "=t XA IO

Rl N - Sl N )

71 —oN— I — MDD

XAXIE 7 v —N=bon— PO

70 —=N—=THo7z7 VLAY —1328H %1523

AR—=F, N=}, FAYXY oAV =31 H%HD

> BbLAMI0oRE T3

1ROy -4, &7 LAY —omBinEshs,

BRI 2 HUERS 727V A XY =27 —L0E LT 5,

vy FEHEOEBITo CTHED 2 SUEEZRN A2 556, T —20BFHIIRLLE TS,

YV V V V V V

KESEIZ 2y MEIC A DO —FOnWTFNr2E L WiERTHTb DL 353, 20 & XLUToOMwICE
Z Lo

(1) & b OBUERED 2 BT, HALF2RHELDEEI—-FE2HTIDETE, L&, A
T —LDMEE L R AR RKICTRICZE DA — PR HTRE&E D,

(2) &y FOHEEEAIET, bazF(D)TE2EZI—F23REHLETZ DTS, 2ok
& BBREVBT - LOME L R bR R X,



Q5

You are going to play a card game with Taro. Each player has 4 different cards, and each card is marked with either

a Spade, a Heart, a Club, or a Diamond. The rule is as follows.

® In one game, players play a prescribed number of sets. For every set, players disclose one of their four cards at
the same time.

® FEach set is scored as follows:

Spade beats Club and Diamond.

Heart beats Spade.

Club beats Heart.

Diamond beats Club and Heart.

A player winning a set with a Club gets 2 points.

A player winning a set with a Spade, a Heart, or a Diamond gets 1 point.

YV V V V V V V

Players do not earn points unless they win the set.
Player’s points accumulate during a game.
The first player to get 2 or more points wins the game.

If the prescribed number of sets are played and no player gets 2 or more points, there is no winner of the game.

For each set, suppose Taro discloses a card with equal probability between the four cards. Answer the following

questions.

(1) Suppose the prescribed number of sets is two and you must disclose the same card in both sets. Which card
should you disclose to maximize the probability to win the game?
(2) Suppose the prescribed number of sets is three, find the probability to win the game when you disclose the

same card you chose in question (1) in all three sets.
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Q6

Given a standard dice with each of its six faces marked with a different number from one to six. Assuming each of
the six numbers shows up with equal probability when the dice is thrown, find the following probabilities. Note that
N and M are positive integers and satisfy the conditions: 2 <N and N/2 < M < N.

The probabilities that

(1) the same number shows up N times in total when the dice is thrown N times.

(2) the same number shows up M times in total when the dice is thrown N times.

(3) the same number shows up M times in total and in M consecutive throws when the dice is thrown N times.
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